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Abstract: We give a Petrov classification for five-dimensional metrics. We classify 
Ricci-flat metrics that are static, have an SO(3) isometry group and have Petrov type 
22. We use this classification to look for the metric of a black hole on a cylinder, i.e. a 
black hole with asymptotic geometry four-dimensional Minkowski space times a circle. Al- 
though a black string wrapped around the S 1 and the five-dimensional black hole are both 
algebraically special, it turns out that the black hole on a cylinder is not. 
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1. Introduction 

In this article, we try to construct the metric of a neutral black hole in a space with 
one compact dimension. More specifically, we look for a black hole in a 5-dimensional 
spacetime which is asymptotically the product of the 4-dimensional Minkowski space and 
a circle. Henceforth, we will refer to this kind of black hole as a black hole on a cylinder. 

The Newton potential of a point mass on a cylinder is easily found. Indeed, because 
of the linearity of the Laplace operator, one can determine this potential by a summation 



1 



over an infinite number of mirror masses. However, the Einstein equations are non-linear 
and, hence, determining the metric of a (neutral) black hole on a cylinder is much more 
difficult 1 . Its metric is presumably complicated because neither the spherical symmetry 
nor the cylindrical symmetry applies in general. Therefore, the metric depends on two 
coordinates - on the radial distance in the large dimensions and on the coordinate in the 
compact dimension - and the Einstein equations lead to a system of partial differential 
equations. 

Instead of a direct attempt to integrate these complicated equations, our line of at- 
tack will be the following. First, we determine the Petrov type of the 5-dimensional 
Schwarzschild black hole and of the black string wrapping the compact circle. These 
two geometries can be viewed as limiting cases of the black hole on the cylinder. Indeed, 
very close to the black hole on the cylinder, the size of the compact circle is irrelevant and 
the metric approaches the 5-dimensional Schwarzschild geometry. On the other hand, far 
from the black hole on the cylinder, the fact that the black hole is localized is unimpor- 
tant and the metric approaches the one of the wrapped black string. It will turn out that 
the 5-dimensional black hole has Petrov type 22 and that the wrapped string has Petrov 
type 22 (the notation will be explained in section |2|). Because the metrics of type 22 form 
a subset of the metrics of type 22, the smallest special class containing both limiting cases 
has Petrov type 22. Therefore, we know that if the black hole on a cylinder is algebraically 
special, it should have Petrov type 22. 

Secondly, we classify Ricci-flat metrics that are static, have an SO(3) isometry group 
and are in addition of Petrov type 22. It is the latter constraint which makes the Einstein 
equations much more tractable. 

Thirdly, it turns out that the black hole on a cylinder does not show up in this classi- 
fication and hence is not algebraically special 2 . 

Our method is analogous to the method used for constructing the rotating black hole 
in four dimensions. This metric was found by Kerr [jlj] while sieving 3 through the metrics 
having 4-dimensional Petrov type D. 

The rest of this article is organized as follows. In section [|, we give an outline of the 
5-dimensional Petrov classification. Although there exist good textbooks || on the Petrov 
classification in 4 dimensions, the generalization to 5 dimensions of this classification scheme 
has to our knowledge not appeared in the literature. In section ^, we also determine the 
Petrov type of the 5-dimensional Schwarzschild black hole and of the black string wrapping 
the compact circle. In section ^, we give an overview of the equations one has to solve to 
find static black holes that have an SO(3) isometry group and have Petrov type 22. In 

lr The metric of a maximally charged black hole on a cylinder is known 0. In this case, because there 
is no force between extremal black holes, the non-linearities in the Einstein equations are less severe and 
hence easier to solve. One can also consider this simplification as a consequence of supersymmetry. 

2 One could suspect that the 5-dimensional black hole and the wrapped string are algebraically special 
because they both have more symmetries than the black hole on a cylinder; the isometry group of the space- 
like slices is SO(i) and SO(3) x (7(1) respectively versus only 5*0(3). However, there is no clear connection 
between metrics being algebraically special and the existence of Killing vectors and so this argument is not 
valid. 

3 See 0] or [B, page 265, for an exhaustive list of all 4-dimensional spacetimes of Petrov type D. 
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section we classify the metrics that are static, have an 50(3) isometry group and are 
of Petrov type 22. In section ^ we give a classification of metrics that are static, have an 
SO (3) isometry group and are of Petrov type 22. In section ||, we prove that all metrics 
of type 22 that approach the wrapped string geometry at infinity, are homogeneous along 
the circle. This proves in particular that the black hole on a cylinder is not algebraically 
special. 

We end with conclusions in section |7[ Most calculations have been referred to the 
appendices. 

2. Petrov classification in five dimensions 

The Petrov type of a metric is determined by its Weyl tensor CL-jy. Originally, this clas- 
sification in four dimensions was done using the eigenspace structure and eigenvalues of 
the symmetric 6x6 matrix Cm u.n. Imposing the Bianchi identity Qum = is unnatu- 
ral when using this two-index notation and the classification becomes rather cumbersome. 
Thereafter, it was realized that the 4-dimensional Petrov classification is much easier if 
one uses spinors. One can define a spinor equivalent to the Weyl tensor, called the Weyl 
spinor ^ a bcd- Instead of classifying the possible Weyl tensors, one classifies the possible 
Weyl spinors. In this way, the Petrov classification becomes very clear and elegant. 

It turns out that in five dimensions also, it is very natural to use spinors to discuss the 
Petrov classification. Therefore, we will now give a brief overview of spinor conventions in 
five dimensions. For a more elaborate review, we refer the reader to the literature, e.g. §. 
Our spacetimes will have Euclidean signature from now on. Although our main interest 
lies in the construction of a Minkowski black hole on a cylinder, this black hole is static 
and can easily be Wick-rotated. 

2.1 Spinor conventions in five dimensions 

It is easy to find a realization of the Clifford algebra in 5 Euclidean dimensions 

{7i,7j} = 2 4/ • 

When we calculate the Petrov type of some concrete metrics later on, we will always make 
the following choice 

71 = (71(8)1, 72 = <7 2 <8>1, 73 = 03 (g> 01, 74 = 03® 02, 75 = 03® 03 • (2.1) 

We use letters at the beginning of the alphabet (a, b, c, . . .) to denote spinor indices and 
letters in the middle (i,j, k, . . .) to denote spacetime indices. If we let the 7-matrices act 
on spinors ip a on the left, we see that they have the following index structure 

7* = 

We can then lower the spinor indices on the 7-matrices as follows 

(li)ab = Cac(li)°bi 
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where we take the charge conjugation matrix to be C = —iu\ (8> o~i- The matrix (7i) a & is 
antisymmetric. We also have 

(lij)ab = C ac (jij) c b where jij = ^[7i,7j]- 
This matrix is symmetric. We will use it to define the Weyl spinor in the next section. 
2.2 The Weyl spinor 

In four dimensions, the definition of the Weyl spinor is motivated by the isometry between 
so(4) and su(2) © su(2). Similarly, in five dimensions, we use the isomorphism between 
so(5) and sp(4) to map representations of so(5) into representations of sp(4) and vice versa. 
The Weyl tensor Cijki of so(5) is mapped into a tensor ^ a b c d of sp(4), which, using the 
Bianchi identity, turns out to be completely symmetric 



so(5) - sp(A) : |— | - mm : ^> abcd = (<y ij ) ab (rf kl ) cd C t3kl (2.2) 



We will refer to the object ^> a b c d as the Weyl spinor. As an easy check for this correspon- 
dence, one can count the number of degrees of freedom of the completely symmetric tensor 
^abcd- This is 35, equal to the dimension of the Weyl tensor C^-fc/. It is easy to invert the 
relation $L%): 

C m = ^{l l3 ) ab {lki) cd ^abcd- (2.3) 
2.3 The Petrov classification in five dimensions 

The fact that we have found a completely symmetric spinor equivalent of the Weyl tensor 
makes it easy to classify Weyl tensors in an invariant way. To this end, we associate to the 
Weyl spinor ^ a bcd the Weyl polynomial Vf, which is a homogeneous polynomial of degree 
four in four variables: 

* = * abcd x a x b x c x d . (2.4) 

The Petrov type of a given Weyl tensor is nothing else than the number and multiplicity 
of irreducible 4 factors of \I / . This is an invariant classification scheme, because under 
0(5) transformations of the tetrad, the Weyl polynomial changes by a linear transformation 
of its variables x a . This transformation respects the factorization properties of ^. In 
this way, we get 12 different Petrov types, which are depicted in figure |]. We use the 
following notation. The number denotes the degree of the irreducible factors and underbars 
denote the multiplicities. For example, a Weyl polynomial which can be f actor ized into 
two different factors, each having degree 2, has Petrov type 22. As a second example, a 
Weyl polynomial which can be factorized in a polynomial of degree 2 times the square of 



4 The Weyl polynomial has generically complex coefficients. Hence, in this article, we will decompose this 
Weyl polynomial over C. However, the Weyl polynomial is in fact a real polynomial in the sense that there 
is a reality condition on the Weyl spinor ^f a bcd derived from the fact that the 7-matrices are Hermitian. 
Therefore, a more refined classification is possible if one makes a distinction between "real" and "complex" 
factorizations. Furthermore, it is possible to refine the Petrov classification by characterizing the leftover 
polynomials of degree 2 by their eigenvalues, for example. 



4 




a polynomial of degree 1 has Petrov type 211. The arrows between the different Petrov 
types denote increasing specialization of the Weyl tensor. In accord with the literature on 
the 4-dimensional Petrov classification, all Weyl tensors different from type 4 are called 
algebraically special. 

2.4 Examples 

five-dimensional spherical symmetric black hole 

The metric reads 

ds 2 = (1 + 2V)dt 2 + (1 + 2V)- l dr 2 + r 2 d^, (2.5) 

where the function V(r) is the Newton potential V(r) = —G$M/r 2 and d£l 2 is the metric 
on the unit 3-sphere 

dSl\ = dip 2 + sin 2 ijj (d9 2 + sin 2 6d(/) 2 ) . 

If we choose the tetrad as 

e t = 7 == =d t e r = Vl + 2Vd r = ~<L, 

VI + 2V v r v 

ee = — : — T dg = — : — -r^~a d ^ 

r sm ip r sin ip sin 

we find after some algebra the Weyl polynomial 

* = ~ 192 —r— ( xt ~ yrf ■ 

Here we have used the notation (x 1 , x 2 , x 3 , x 4 ) = (x,y,z,t). Hence, the metric ( |T5| ) has 
Petrov type 22. 

Wrapped black string 

The metric of a black string wrapped around a circle of radius R reads 

ds 2 = (1 + 2V)dt 2 + (1 + 2Vy l dr 2 + r 2 dVi\ + R 2 da 2 , (2.6) 
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where V(r) is the Newton potential V(r) = —G^M/r and c?0| * s the metric on the unit 
2-sphere. If we choose the tetrad as 



I i 

e t = —p===d t e r = VT + 2Vd r e a = —d a 

VTTW R 

ee = -de = — :— ^efy, 

r r sin a 

we find after some algebra the Weyl polynomial 

96 G 4 M , 2 2 2 2 x 
* = ^3 * + 2/ ^ ) ■ 

The metric ( |2.6[) has Petrov type 22 because we can factorize VP as 

96 G 4 M . 
w = g (xt + lyz) [xt — vyz) . 

At this point, we know the Petrov type of two limiting cases of the black hole on a 
cylinder. Namely at large distances (or, equivalently, at small compactification scale), the 
metric has Petrov type 22. At small distances (or, equivalently, large compactification 
scale), the metric has Petrov type 22. Taking a look at figure |], we see that the black 
hole on a cylinder should have Petrov type 22 or type 4. In the latter case, the metric 
is algebraically generic. In the next section, we give the equations one has to solve to 
determine all metrics that are static, have an SO (3) isometry group and are of Petrov 
type 22. 



3. Metrics of type 22: equations 

Because we want to impose a constraint on the Weyl tensor, we will not solve the Einstein 
equations in the usual way. We will not write an ansatz for the metric and solve the 
differential equations resulting from putting the Ricci tensor to zero. Instead, we will solve 
the following set of equations for the dual tetrad 9, the connection uj and the curvature O 

d6 + ujA6 = (3.1a) 
duj + u}Auj = tt (3.1b) 
dO + LjAfi-^Acj = 0. (3.1c) 

These three equations are of course respectively the definition of zero torsion, the definition 



of the curvature and the Bianchi identity. In the last two equations ( 3.1b , 3.1c ), we use 
equation ( |2.3[) to express the Riemann tensor Q, in terms of the Weyl spinor ^ a b c d- We can 
indeed use formula (|2.3D for this substitution because the Riemann tensor is equal to the 
Weyl spinor for spacetimes with zero Ricci tensor. Because the Weyl spinor now enters the 
field equations explicitely, it is easy to impose a condition on the Petrov type. 



6 



3.1 Ansatz 

The most general ansatz for the tetrad of a static spacetime with SO (3) symmetry reads 
et = A dt 



e r and e a 

e e = a d 9 
a 



linear combinations of d r and d n 



(3.2) 



sin ( 



Here, A and a are functions of the coordinates r and a. The most general connection 
consistent with the above ansatz is 



( 





lie 1 
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)9 2 + £ 9 3 


k9 4 


k6 5 






-v9 l - 


59 2 - e6 3 





\e 4 


xe 5 









-k6 a 


-\e A 





—a cot 9 




\ 





-k9 5 


-xe 5 


a cot 6 


9 5 


J 



(3.3) 



Here, (0 , . . . , # 5 ) is the basis dual to the tetrad (3.2) and the seven functions (fi, u, 5, e, k, A, a) 
are functions of the coordinates r and a. Notice that although we could have expressed 
the connection uj in terms of the functions appearing in the tetrad ( |3.2| ) , we have not done 
so. Rather, as will become clear in the following, we determine u> by solving the equa- 
tions ( |3.1b ) and ( |3.1cj ). Finally, a calculation shows that the most general ansatz for the 
Weyl spinor ^ a bcd has 4 independent components. 



*1114 


= ^1444 


= ^2223 = ^2333 = 


-3Vi 


*1123 


= ^1224 


= ^1334 = *2344 = 






= x I / 2222 


= ^3333 = ^4444 = 


-3ip 2 


*1133 


= X I , 2244 


= V>2 




^2233 


= ^1144 


= ^3 




^1122 


= x I / 3344 


= V>4 and *i234 = 



(3.4) 



Here again, the four functions ?/>j are functions of the coordinates r and a. In some cases, 
equations simplify when written in terms of the functions tpt , defined by 



ipi 

^3 



— 8i(f4 

8(if 2 - 3^3) 



1p2 = 8(if 2 + <P3) 



(3.5) 



The above linear combinations are chosen in such a way that the functions (fi transform 
nicely under tetrad transformations (see appendix [A]). 

3.2 Field equations 

We can now take the ansatze fl3.3|) and ([TJ|) and insert them into equations fl3.l|) . The 



differential equations obtained in this way are quite lengthy. They can be found in ap- 
pendix pL 
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3.3 The Petrov condition 



In this section, we give necessary and sufficient conditions on the components <pt of the 
Weyl spinor such that the Weyl polynomial \& obtained from the Weyl spinor ( |3,4| ) has 
Petrov type 22. 



The metric has Petrov type 22 if and only if one of the following four conditions is 
satisfied 

Case A: <ps = ip± = Case C: ipf = + <p 2 

222 (3.6) 
Case B: ipi + <p2 = Case D: ip 2 = </j 3 + <f4 



The characterization is most easily derived in a frame for which (p^ = 0. It is proven in 
appendix |A| that such a frame exists. In this frame, using ( |3.4| ) and ( |3.5D and dropping an 
irrelevant overall constant, the Weyl polynomial reads 

VP* = V 2 ((x 2 - , 2 ) 2 + (y 2 - t 2 ) 2 ) - 2^(x 2 t 2 + y 2 z 2 ) 
- 2^(x 2 y 2 + 2 2 t 2 ) + 4(^ 3 + ^t) xyzi • 

The subscript of \I/f r is to remind the reader that we have chosen a particular frame. We 
want the polynomial fl3.7|) to be a product of 2 factors of degree 2. We can deduce necessary 



conditions for this reducibility in the following way. The polynomial (3/7) should still be 
reducible when we put one of the variables x, y, z, t to zero. When we restrict *&f r to only 
three variables in this manner, the algebra becomes less cumbersome and one can show 
that the restricted ^f{ r can be factorized into 2 factors of degree 2 if and only if one of the 
following four cases holds 

ip2 = or 1P2 = ^3 or V'i = V'l or ^3 + V>4 = 0- (3-8) 

Although these conditions were derived as necessary conditions for having Petrov type 22, 
it turns out that they are sufficient as well. In the first three cases, the polynomial ^f r is 
easily factorized after writing it as a sum of squares 



if ip 2 


= 0, 


then 




if i? 2 


= vi 


then 


*fr 


if $ 


= Vi 


then 





-2 (i; 3 (xt - yzf + Mxy ~ ztf) 
fa (x 2 ±y 2 -z 2 Tt 2 ) 2 - 2(^3 + fa){xy - zt) 2 
then % r = ?/>2 {x 2 ±y 2 - z 2 Tt 2 ) 2 - 2(V> 3 + ipi)(xt - yz) 2 

The factorization in the fourth case is straightforward. We give it for completeness. 

if V>3 + V>4 = 0, then % r = — U 2 x 2 + (ip 3 + w)y 2 - i\) 2 z 2 + (^4 - w)t 2 ) x 

x {i) 2 x 2 + {ipa - w)y 2 - il> 2 z 2 + (V»4 + w)t 2 ) , 



where w 2 = ip 2 — tp 2 . The conditions fl3.8|) are expressed in a frame in which tp\ = 0. 
Rotating this frame back to its general position leads directly to the conditions (j3lj|). 
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4. Classification of metrics of type 22 



Besides the five-dimensional black hole and the wrapped black string, both treated in 



section 2.4, we have encountered the following metrics: 
1. the Kasner metric with exponents pi 

4 / t \ 2p * 

ds 2 = dt 2 + j2[Yj ^ 



(4.1) 



This metric is Ricci flat if YliPi = ^2iPi = 1- It appears naturally in the classification 
because, as is well known, Kasner spaces describe the near-singularity geometry of 
Schwarzschild spaces. 



2. the cone on a dS- Schwarzschild space 



ds 2 = dt 2 + t 2 



1 - r 2 + — )da 2 + 
r J 



dr 



I _ r 2 + M 



+ r 2 dfl 2 



(4.2) 



3. a vacuum cosmological model in which space is the product of two spheres 

ds 2 = dt 2 + a(t) 2 dQ 2 + b(t) 2 dn 2 (4.3) 

Here, the functions a(t) and b(t) are determined by the vacuum Einstein equations. 
We do not know the analytical expression of the general solution. A particular 
solution is the cone on the product of two spheres ds 2 = dt 2 + t 2 /3 (ettl 2 + <if2 2 ) 

4. a vacuum cosmological model on the product of a sphere and the hyperbolic plane EI 

ds 2 = dt 2 + a(t) 2 dn 2 + b{t) 2 <M 2 (4.4) 

5. a vacuum cosmological model in which space is the product of a sphere and a plane 



ds 2 = -4cosh~ 6 (t/to) sinh ^5 (t/t ) dt 2 + sinh^a (t/t ) (dx 2 + dy 2 

+ tl cosh -4 (t/t ) sinh 2 ~73 (t/t ) dtt 2 



(4.5) 



6. the metric of another homogeneous wrapped object 

ds 2 = (1 - 2M/r)dt 2 + dr 2 + R 2 (l - 2M/r)~ 1 da 2 + r 2 (l - 2M/r)dti 2 (4.6) 
This metric has curvature singularities in r = and r = 2M. 

Some of these solutions admit 3 orthogonal commuting Killing vectors and therefore belong 
to the family of higher dimensional Weyl solutions that Reall and Emparan studied |17j • In 
particular, the five-dimensional black hole, the black string and the solutions (|4.1| ), (|4.5|), 
and fl4.6| ) all belong to this family. 
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The metrics (2.6), ( [1.5| ) and (|4.6| ) are all special cases of the general homogeneous 
solution 

ds 2 = ( 2a dt 2 + 1 (f . + m) 2+2a+2 C (r _ m) 2-2a-2 C + + / r-m\ * ^2 

\r + my r 4 v 1 \r + m J 



with a 2 + ac + c 2 = 1. In particular, for the wrapped string (|2.6[) , a = 1 and c = 0, for the 
metric (fi.6|), a = 1 and c = — 1 and for the metric ( |4.5| ), a = c = l/v3. The classification 
is then as follows 5 . 



Case A: the wrapped string 






Case B: the five-dimensional black hole 






Case C: the five-dimensional black hole (| 


^51) and the metric (|4.6|) 




Case D: the 5-dimensional black hole, the 
wrapped string and the cosmological 


cone on an dS-Schwarzschild space 
models (p|), gj) and Q 


J), the 



The derivation of this classification is tedious, it can be found in the appendices |S| and |E|. 
5. Classification of metrics of type 22 



From the characterization (^j), one can easily derive the necessary and sufficient con- 
ditions leading to metrics of Petrov type 22. These conditions are combinations of the 
conditions ( |3.6D , which is reflected in our notation. Details of the classification can be 
found in appendix 0. 



The metric is of Petrov type 22 in the following three cases: 
Case AC: (^1=^3 = ^4 = 0: only flat space 
Case AD: tp2 = (f3 = tp^ = 0: only flat space 

Case BC: (^1 + ^2 = and ip\ = y| + <p|: the five-dimensional black hole (|2T 



6. Study of the black hole on a cylinder 

We now prove that the black hole on a cylinder and - more generally - all inhomogeneous 
wrapped strings are not algebraically special. 

These metrics approach the geometry of the wrapped string at infinity, hence, we 
see from figure [l] that they should be of Petrov type 22 if they are algebraically special. 

5 For brevity, we have adopted the following usage. For example, we say that case B consists of the 
five-dimensional Schwarzschild metric. It is to be understood that its two limits - flat space and the Kasner 
space ( p~l] ) with exponents (— |, |, |, |) - belong to case B as well. 
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However, in section we have classified all solutions that are static, have an SO(3) isometry 
group and have Petrov type 22. The non-homogeneous wrapped string was not one of them. 
Hence, we know that the black hole on a cylinder and more generally the non-homogeneous 
wrapped string are not algebraically special. This completes the proof. 



7. Conclusions 



It is well-known that string theory suggests that spacetime has 10 or 11 dimensions. Al- 
though string theory is not sufficiently developed to make concrete physical predictions 
that can be tested experimentally, it seems to be clear that these extra dimensions should 
be very small for string theory not to be in disagreement with reality 6 . 

It is interesting to study black holes in these higher dimensional spacetimes for the 
following reasons. Firstly, due to the Einstein equations, black holes will alter the geome- 
try of these extra dimensions in their neighborhood. It is possible that this will lead to an 
increase in size of these extra dimensions close to a black hole, making these dimensions 
easier to detect. Secondly, string theory predicts generically that the fundamental physical 
constants like the gravitational constant, masses of elementary particles and the fine struc- 
ture constant should depend on the geometry of the compactification space. Therefore, 
knowledge of the black hole geometry can lead to some predictions of the behaviour of 
these constants near black holes. 

Thirdly, Gregory and Laflamme ||] found that a neutral black string wrapping a cylin- 
der is classically unstable if its mass is sufficiently small. Therefore, it seems natural to 
conjecture that these black strings will decay into a black hole that is localized in the 
compact direction. However, recently, Horowitz and Maeda Q argued that, classically, 
the black string would not decay into the black hole on a cylinder but rather to a non- 
homogeneous wrapped string 7 . A similar claim holds for black strings with large masses: 
in |l2j |, it was argued that black strings with large masses have smaller entropy than the 
non-homogeneous wrapped strings, and hence should decay as well. 

In this article, we studied the metrics of the black hole on a cylinder and of the non- 
homogeneous wrapped string using the notion of algebraically special metrics. We have 
treated the Petrov classification in five dimensions. We have given a complete classification 
of five-dimensional metrics that are Ricci-flat, static, of Petrov type 22 and have an SO(3) 
isometry group. We used this classification to prove that the black hole on a cylinder and 
the non-homogeneous wrapped string are not algebraically special. 

Some possible topics for future research are 

1. Classify all Ricci-flat metrics of type 22 without the additional assumptions we made. 
This could lead to the discovery of new five-dimensional metrics. One knows that the 
set of black holes is much richer in five dimensions than in four dimensions. See [13] 



for a study of uniqueness theorems in higher dimensions and [|14|] for a five-dimensional 
rotating black string. 



6 Recently, however, scenarios with large extra dimensions have been proposed Q. 

7 See [[lo| for a nice review and [[ll| for numerical investigations on these non- homogeneous black strings. 
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2. 



The metric of a black hole in the RS-scenario Q that has a localized horizon in the 
bulk spacetime is not known [15, ff^]. It is possible that a line of research similar to 
the one presented here would lead to a construction of this metric. 



3. It would be nice to find some other simplifying assumption yielding solvable equations. 
It may be possible to find the metric of the black hole on a cylinder by a clever choice 
of coordinates; for an attempt, see [12]. 



Acknowledgments 

I would like to thank Yves Demasure, Stefan Vandoren, Antoine Van Proeyen and Walter 
Troost for discussions. I also would like to thank Pierre Savaria and Walter Troost for 
suggestions to improve this text and S. Hervik for a correction in formula (|4.5| ) in an earlier 
version of this paper. This work was supported in part by the European Commission RTN 
program HPRN-CT-2000-00131. 



A. Tetrad transformation on the Weyl spinor 

In this appendix, we give the behaviour of the components of the Weyl spinor under tetrad 
transformations. Direct use of the definition ( |2.2| ), shows that under tetrad rotations 
(s = +1) and reflections (s = —1) 



cos x sin x \ I e r 
-ssinx scosx \e a 




the Weyl spinor transforms as 




cos 2x - sin 2% \ / (p 3 
s sin 2x s cos 2% / \ v?4 



From this, we have the important result that we can always use a tetrad rotation to put 
994 = 0. On top of this, we can use a reflection to specify the sign of ^3. 



B. The field equations 

In this appendix, we explicitely write down the equations resulting from inserting the static 



axi-symmetric ansatz ( |3.2| , |3.3j , |3.4| ) into the differential equations ( |3.1[ ). We will split up 
these equations into three blocks. 
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The equations from ( 3.1a| ) 



The condition of zero torsion ( [3.1a ) yields the commutation relations between the tetrad 
vectors fl3.2j). The non-zero commutators are 



(B.la) 
(B.lb) 
(B.lc) 
(B.ld) 
(B.le) 



[et,e r ] 


= ve t , 


[et,e a ] 


= ve u 


[e r ,e e ] 


= Ke 9 , 


[e a ,e e 


= Ae 9 , 


[e r ,e<i>] 






] = Ae^ 


\pri &a\ 


= 5e r + ee a 






= — cot 9 a 







The equations from ( 3,lb| ) 



In the definition ( |3.1b ) of the curvature tensor Q, we use equation ( |2.3j ) and the fact that 
the Ricci tensor is zero to express the curvature tensor in terms of the Weyl spinor *$> a b c d- 
We also use equation ( 3.1a| ) to replace terms involving d0 l that appear in duo. In this way, 
we find two algebraic equations 



a — k — A — 3c/?i — tf2 







and a set of first order differential equations. The ones involving the vector e r are 

e r (a) 



an 

e r (e) - e a (S) = 5 2 + e 2 + ipi + 3y? 2 

e r (K) = k 2 - 5X - tpi - <p 2 - 2^3 
e r (A) = k5 + k\ + 2tf4 

e r (fJ>) = ~ V 2 ~ Vi + ¥2 ~ 4(^3 
e r {y) = —vfM + 5[i + Af4 



and the ones involving the vector e a are 



e a (a) = aX 

e a {^) = — eA + kX + 2ip4 

e a (A) = ek + A 2 - tpi - ip 2 + 2^3 

e a (n) = —ve — vfj, + 4<^4 



(B.2) 
(B.3) 



(B.4a) 
(B.4b) 
(B.4c) 
(B.4d) 
(B.4e) 
(B.4f) 



(B.5a) 
(B.5b) 
(B.5c) 
(B.5d) 
(B.5e) 



The equations from (|3.1c|) 



These are the equations resulting from the Bianchi identity. We again replace the curvature 
tensor Q by the Weyl spinor ^ a bcd- We also use equation ( |3.1a ) to replace terms involving 
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dO l that appear in dfl. In this way, we find the following set of equations 
e r (fi) = §k (pi + \ (k + fi)f2 + \ (4k + n)<f3 — \iy + 4A)(^4 



e r (y? 4 ) 



3fi)(f 2 ~ \ (4k + 3/u)^ 3 - 
\ (k + /x)(/? 2 + (2 e + k 



\ (3^ + 
3 A*)V3 



4A)<^4 



;i i/ + 2(5 - A)^ 4 



\k ip\ + \ (5k 
e a (^4) + 3*^1 

-e Q (^3) - f A + I (z/ + A)(^ 2 + {-\ v - 25 + A)^ 3 

+ (2 e + k - \ fj,)(f4 
§ A <pi + \ (u + A)v?2 - 5 + 4A)93 3 - i (4k + //)y> 4 
i Av?i + \ (-3i/ + 5A)(^ 2 + 5 (3i/ + 4A)v2 3 + ± (4k + 3/i)p 4 



(B.6a) 
(B.6b) 
(B.6c) 
(B.6d) 
(B.6e) 
(B.6f) 
(B.6g) 
(B.6h) 



C. Type 22: solutions of the field equations 

In this appendix, we classify all solutions of the field equations given in appendix 
are of Petrov type 22 . 



that 



Case AC: Lp\ = 923 = (^4 = 

From the Bianchi equations ( |B,6| ), we immediately get (k + [i)<-P2 = and (A + v)ip2 = 0. 
Hence, we have two possibilities. The first one is 922 = 0. Then all components of the 
Weyl spinor are zero and we obtain flat space. The second possibility is k + fi = and 
A + v = 0. Then we obtain from ( [B.2D and flB.3| ) a = 0. This is not a good solution of the 
field equations, because in this case the tetrad ( |3^ ) is degenerate. Therefore, in case AC, 
we obtain only flat space. 



Case AD: ip2 = <fi3 



<fi 4 







This case is similar to the previous one. From the Bianchi equations (BJ3), we get Kip\ = 
and \(fi = 0. If ifi = 0, we have flat space. If k = A = 0, we find from equation ( |B.3| ) 
f 1 = 0, giving flat space again. 



Case BC: ifi + ip2 



and tp\ 

As shown in appendix |A|, we can choose our tetrad in such a way that 994 = and 993 = ip\. 
From the Bianchi equations (B.6), we obtain 3 algebraic equations 



vipi = 5ipi = (k - e)cpi 



0. 



From these equations, we get either (p\ = or v = 5 = k — e = 0. The first possibility 
leads to flat space, hence, we continue with the second possibility. From equation flB.3| ), we 
get (fi = —1/2 Kfi. Inserting all this into equation ( B.4[ ) and (B.5) leads to the following 
equations 



(C.ld) 
(C.le) 
(C.lf) 



e r (K) 


= K 2 + K[l 


(C.la) 


e a (n) 


= 


e r (A) 


= kA 


(C.lb) 


e a {\) 


= K 2 + A 2 — K/J, 


e r Gu) 


= 3k// — fj 2 


(C.lc) 


e«(/u) 


= 
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We will assume from now on that n ^ and /i / 0, because otherwise, we find flat space 
again. We choose our coordinates in such a way that e r = Ad r and e a = Bd a . It then 
follows from ( p.ld ) and ( |C.lf ) that k and \i do not depend on the coordinate a. From the 



commutation relation ( p.ld ), we get two differential equations 

Ad r B = kB and d a A = 0. 

Hence, A does not depend on r and we can put A = —tk by a coordinate transformation 
on r. The general solution for B is B = f{a)/r, where / is an arbitrary function of a. 
We can subsequently do a coordinate transformation on a to put f(a) = 1. Hence, at this 



point, we have e r = —rKd r and e a = 1/r d a . The solution of the differential equations ( C.l ) 
is now easily found 

Ci c 2 \ 1/2 4 y/u; t r—\ d fc x , c 2 ^- 1/2 



~ + ' ^ = —^—^ cot ( y/ C 2 a ) , /!= T[—t + -T 

Here C\ and C 2 are two arbitrary integration constants. We have used a shift on the 
coordinate a to eliminate the third integration constant. Finally, the remaining tetrad 
vectors et and eg are determined from the commutation relation (|B.la ) and the algebraic 
equation flB,2| ) respectively 

-1/2 



n \-k + C 2 ) d t and a = — , 



If C 2 0, this solution is the 5-dimensional black hole (|2.5| ). If C 2 = 0, this solution is the 

1 1 1 h 

'2' 2' 2' 2/- 



Kasner space ([4.1[) with exponents (- 1 1 1 1 



D. Type 22: solutions of the field equations in case A, B and C 

In this appendix, we classify all solutions of the field equations given in appendix [b], subject 
to the conditions of case A, B and C of (|3.6| ). 

Case A: ips = if4 = 

The Bianchi identities give 

Kipi — (k + n)f 2 = and — Xip\ + (A + v)(p 2 = 0. (D.l) 

Because we are not interested in the trivial case (pi = (p 2 = 0, it follows from these equations 
that kv = A/i. We choose our tetrad such that v = 0. At this point, it is necessary to 
resolve two cases: /i = and \x ^ 0. 

• Case A.l: fi = 

Because (/i, v) transforms as a vector under tetrad rotations and fi and v both are 
zero, we still have not fixed the tetrad. We will fix it by choosing A = 0. From 
equation ( |B.3| ) we obtain (pi = ip 2 . From equation ( B.5cj ) then follows that 2ip± = ek. 



Because we are not interested in the flat case <pi = 0, it follows that e / and 



15 



We then find from equation ( |B.4d ) that 6 = 0. We will now choose our coordinates 



in such a way that e r = Ad r and e a = Bd a . From equation ( B.5b| ) and ( B.6g ), it 



follows that k and e do not depend on the coordinate a. From the commutation 
relation ( |B.ld ), we find two differential equations 



d a A = and Ad r B = eB. 

The first of these equations tells us that A depends only on the coordinate r. We 
can then put A = —tk by a coordinate transformation on r. After these preliminary 
manipulations, we can start solving the differential equations. The equations ( |B.4| ) 
yield e r (e) = e 2 + 2ek and e r {n) = k 2 — ek. The solution of these equations reads 

k = — C\ — 2 — and e = T \ C\ — 2 — 

/y* \ ly* J ly* £i \ /y* 

where C\ and C2 are two integration constants. The remaining tetrad vectors can 
now be determined from (|B.1| ) and flB,2|) . They are 

e t = d t , e a = (ci - 2—\ d a , a = ^— ^ . 

\ r J r 

After changing t with a, one sees that this solution is the wrapped black string (p.6j). 

Case A.2: /i / 



In this case, we have A = 0. From equation ( |B.4i| ) we find 5 = 0, and from equa- 
tions (|B.3[) , (|B.5e ) and ( B.5cj ) we obtain 



e = -k, if! = --(« + //) and ip 2 = -(-«; + //). 

Inserting these values into (|D.l|) , we find k(k + = 0. Hence, ip± = 0, and the 
treatment in case AC of appendix |^ shows that this leads to flat space. 

Case B: ipi + <f2 = 

We choose the tetrad in such a way that 994 = 0. From the Bianchi equations ( p.6| ), we 
get n(tfi — ^3) = and v(tpi + ^3) = 0. Hence, there are two possibilities. The first one 
is fi 7^ or v 7^ 0. Then we have ipi = 993 or ip\ = —953. Therefore the metric has type 22. 
This case is treated in case BC of appendix [C]. The second possibility is /u = v = 0. Then, 
it follows from ( B.5cj ) and ( B.4ej) that ipi = if2 = <fz = 0. Hence, this possibility yields flat 



space. 

,2 _ ,„2 1 ,„2 



Case C: tpf = tp^ + tp\ 

We choose our tetrad such that ^4 = and 993 = (p±. From the Bianchi identities (|B.6| ), 



we obtain two algebraic equations 

(3k - 2e + + (« + M)fPa = (D.2) and ^ = °" ^ 
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We assume from now on that (pi ^ 0, because otherwise, the discussion in case AC of ap- 
pendix |C| shows that this leads to flat space. Hence, we have 5 = 0. We could combine ( p.2| ) 
and QB.3P to obtain rather complicated expressions for ip% and ip2- We will not do so, how- 
ever. We obtain easier expressions for ip\ and if2 in the following way. We let the derivative 
e r act on equation (p.2|), then we find using equation (|D.2|) the relation 



(D.4) 



<Pi + <P2 = -(K-e)(/i + e). 



At this point, we make a distinction between two cases, k = e and k/e. If k = s, we have 
fi + <P2 = and the discussion of case BC in appendix |C| applies. There, it was shown that 
this leads to the five-dimensional black hole or a Kasner space. From now on, we assume 
that k^£. From (p.2|) and (p.4|), we obtain 



1 



<Pl 



(li + e)(K + n) 



and 



1 



(/i + e)(3«-2e + y). 



(D.5) 



Because ip\ / 0, we have fi + e / and k I |i / 0. Inserting ( p.5| ) into the Bianchi 
identities flB.6|) , we find 

e a (e) = — ev — /iz/ (D-6) and A(e — k) + v(e + [i) = 0. (D-7) 



Inserting ( p.5| ) into we find 

(e - k) 2 - - k) 2 + AXv = 0. (D.8) 

We let the derivative e a act on (|D?7| ) , then we find using (^|), ( [fX6l) , ( IETtI ) and (|Dlt ) the 
relation 

Ai/ = 0. (D.9) 

Finally, because we have assumed that /i + e / and k ^ e, we get from ( p.7| ) and ( p.S| ) 
^ = and A = 0. From (p.8|) , ( |B.5c ) and (|B.3| ), we then find e = /i. At this point, we have 
squeezed the differential equations sufficiently. From ( |B.4[) and (|B.5| ) we obtain 



e r (/Lt) = 2k(i, e a (fi) = 0, e r {K) 



k 2 + and e. a {K) 



0. 



(D.10) 



Because 5 = 0, it follows from ( B.ld| ) that we can choose coordinates such that e r = d r 
and e a = Bd a . The solution of ( p,10[) is 



r-C 



and 



1 1 

+ r 



where C is an integration constant. The tetrad e a can now be determined from (B.ld) 



i-£ 

r 



1/2 



The remaining tetrad vectors can be found using 

cX -l/2 



1 



and 



ID and Q 

r 2 -Cr)- 1/2 



(7 



This is the metric (4.6). 
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E. Type 22: solutions in case D, ip\ = y>\ + ip\ 



We now solve the equations ( |3.1| ) subject to the condition ip 2 , = <£>| + </?|. We choose our 
tetrad such that 934 = and 933 = — 932 • From the Bianchi identities (|B.6| ), we obtain two 
algebraic equations 

Kifi + (-2e + 3k)99 2 = (E.l) and (5 - is)(p 2 = 0. (E.2) 

We will assume that <p2 7^ 0, otherwise the discussion in case AD of appendix^ shows that 
we have flat space. Hence, we have 6 = v. Other equations we obtain from the Bianchi 
identities and, using (BJ3), from equations (B^) read 



e r (yi) = (5e - 9k)</? 2 e r (e) = e 2 + e/i 

e r (v 3 2) = (e + 3k)v?2 e r (re) = k + k// 

We now let the derivative e r act on equation (|E.l| ). By applying equations (|E.3| ), we find 



the important relation e(e — n)<p2 = 0- Combining this equation with (E.l), it follows that 
we have to consider three cases: 

D.l. e = k 7^ and ipi + y?2 = , 
D.2. e = 0, k / and v?i + 3^ 2 = , 
D.3. e = k = . 

Case D.l: e = ft 7^ and y>i + <P2 = 

This case is treated in case BC of appendix Q 

Case D.2: e = 0,)t^0 and + 3<£> 2 = 

Inserting the relation ipi + 3</?2 = into the Bianchi equations gives A = —v. From equa- 
tion ( |B.3j ), we get if2 = 1/4(k^ — u 2 ). Inserting these results into equations ( |B.4| ) and (|B 
gives 



e r (fi) = —?>v 2 — fi 2 + 2k/i 


(E.4a) 


e a (/f) = -vfi 


(E.5a) 


e T (v) = 


(E.4b) 


e- a (v) = -v 2 


(E.5b) 


e r( K ) = K 2 + Kfl 


(E.4c) 


= —UK 


(E.5c) 



We choose coordinates in such a way that e r = Ad r and e a = Bd a . From the commu- 
tation relation ( |B.ld ), it follows that B depends only on the coordinate a, hence, by a 



coordinate transformation, we can put B = 1. The general solution of ( |E.4b ) and ( |E.5b ) 



is u = l/(a + Ci), where Ci is an arbitrary constant. At this point, it is easier to make a 
distinction between two cases: C\ 7^ 00 and C\ = 00. 

• Ci 7^ 00 

In this case, we can do a coordinate transformation on a to put C\ = 0. The general 
solution of (|E.5| ) then reads 

= and k = . 

a a 
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The commutation relation ( p.ld ) tells us that we can put A 



rgjr) 



by a coordinate 



transformation on r. The equations ( |E.4[) are now easily solved to yield 



1 



o 



C3 2 Co 



- -! + -£ + 



1/2 



and 



r 3 + C 2 
r 3 a 



' O 1 Q 



-1/2 



Finally, the remaining tetrad vectors et and ee are determined from the commutation 
relation ( B.la| ) and the algebraic equation (|B,2| ) respectively 



1 



Ca 2 Co 



-! + -£ + 



-1/2 



and 



a r 



This the metric (4.2). 
C\ = co 

In this case, v = 0. The solution of ( |E.4[) and ( [E.5D can now be found analogously. 
It reads 



C 3 + 



2C 2 



1/2 



9 



C 3 + 



2C^ 1/2 



C 2 f + 2Cj 



-1/2 



r y r° \ r 

The remaining tetrad vectors et and eg are determined from the commutation rela- 



tion (B.la) and the algebraic equation flB.2|) respectively 



C 3 + 



2C 2 



-1/2 



d t 



and 



This is the wrapped black string (2.6). 
Case D.3: e = k = 

From (|B.3|), we get ip\ = (f2 — Xu. From (|B.4|) and (|B.5|) we obtain the following equations 



e r {n) = - 
e T (y) = 
e r (A) = 



jj, + \v + 4(^2 



(E.6a) 
(E.6b) 
(E.6c) 



e-a{v) = -v 2 + \v - 4if 2 
e a (X) = A 2 + \i> - 4ip 2 



(E.7a) 
(E.7b) 
(E.7c) 



If v = 0, we get from ( |E.7b| ) ip2 = 0, then tpi = and we obtain flat space. Therefore, we 
assume in the following that v 7^ 0. We choose coordinates in such a way that e r = Ad r and 
e a = Bd a . From the commutation relation ( |B.ld| ), it follows that we can do a coordinate 
transformation to make A and B both depend only on a. Integrating the equations ( E.6a| ) 
and ( |E.7a ) , we find 



Ci cot{\fc[r)A and 4ip 2 = v 2 - \v - CxA 2 , 



where C\ is an arbitrary integration constant. We now make a distinction between the two 
cases C\ = and C\ ^ 0. 
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d = 

1_ 

With hindsight, by a coordinate transformation on a, we put A = sinh a. From 
( |B.ld| ), we obtain B = v3 z^tanha. The solution of ( |E.7b ) and ( E.7c ) is now easily 
found 

v = C2 cosh 4 a sinh 2+ ^ a 

A = — (6tanh 2 a + (-3 + 2 
v3 \ 

Here, we have used some freedom left over in the choice of coordinates to eliminate 
one of the two integration constants. The remaining tetrad vectors can be found 
from ( |B.2[) and (B.la). All in all, we have 



et = - sinh ^ a dt e a = C2V3 cosh a sinh ^ a d a 

r 

1 

"/'22V 3 cosh" a sinh V3 a 



sinh v5 a 9 r a = 1C22V3 cosh 2 a sinh 1+ Va 



One can see by changing some notation, that this solution is the metric 



From (B.2) and (|B,1| ), it follows that the metric can be written as 



ds2 = -TTTo ( dr2 + sin2 '(VCi r )dt 2 ) + r— . 9 da 2 + — K^dn 2 . 
A{a) 2 \ / B{a) 2 a(a) 2 



This metric belongs to the class (JOJ) if C\ > 0, and to the class ( |P| ) if Ci < 0. 



We have not been able to find an analytical form of the general solution of ( E.6 ) 
and 
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